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Abstract
We study self-consistent static solutions for an Einstein universe in a graph-based
induced gravity. In the generalization of the deconstruction model based on the
graph, the eigenvalues of the graph Laplacian and the adjacent matrix gives the mass
spectrum the particles. Thus we can easily control UV divergences at one-loop level in
such a model. We use the calculation method with the spectrum distribution function
of the graph and search for the static solution supported by the degenerate pressure
of the fermion (at zero temperature). The report is based on arXiv:1110.5697.
1 Introduction
In our previous work [1], the induced gravity [2] model without UV divergences at one-loop level has
been constructed by a generalized method of Dimensional Deconstruction (DD) [3] and a self-consistent
solution for an Einstein static universe has been obtained.
In this brief report, we show the existence of a self-consistent Einstein universe in which strongly
degenerate fermions by the calculation method using the spectral density function of graphs.
2 Induced gravity
Induced gravity has been studied by many authors [2]. The one-loop effective action can systematically
be expressed by an integral form using Schwinger’s proper time method as
1
2
Tr lnH = −1
2
∫ ∞
0
dt
t
Tr
[
e−tH
]
, (1)
where H is a Hessian operator which appears in the free-field action of a matter field. The expansion in
terms of the Seeley-DeWitt coefficients can be written as
Tr
[
e−tH
]
=
1
(4πt)2
∫
d4x
√
| det gµν |
[
Tr a0 + tTr a1 + t
2Tr a2 + o(t
3)
]
, (2)
where gµν denotes the spacetime metric and Tr means the trace over the spacetime indices. The one-loop
effective action for the background fields is given by the collection of the contribution of various matter
fields.
The UV divergences arise from the integration in the vicinity of t = 0. If we introduce a UV-cutoff
scale Λ, the lower bound of the integration on t is replaced to 1/Λ2. The divergent parts in terms of the
cut-off Λ are
1
64π2
(N0 − 2N1/2 + 2N1)Λ4 and
1
192π2
(N0 +N1/2 − 4N1)Λ2R , (3)
where N0 is the number of minimal scalar degrees of freedom, N1/2 is the number of two-component
fermion fields, N1 is the number of massless vector fields, and R is the scalar curvature constructed from
the metric gµν .
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2 Graph-theory induced gravity
The conditions for their cancelations are solved by N0 = 2N , N1/2 = 2N , and N1 = N , where
N = 1, 2, 3, . . . .
For massive fields, since
Ns∑
i=1
e−(m
2
s
)it = Ns − t
Ns∑
i=1
(m2s)i + t
2 1
2
Ns∑
i=1
(m4s)i + · · · ≡ Ns − tTrM2s + t2
1
2
TrM4s + · · · , (4)
(where M2s is the mass-squared matrix for spin-s field), the condition on mass-squared matrix for the
cancelation of divergences should be TrM2S − 4TrM2D + 3TrM2V = 0, where M2S is the mass-squared
matrix for the scalar fields, M2D is that for the Dirac fields, and M
2
V is that for the vector fields.
Now, we construct the field theories with mass matrices which satisfy the cancelation conditions.
3 Graph and mass matrices
We remember the concept of DD [3]. A moose diagram is used to describe this theory, and is no more
than a graph. The N -sided polygon is identified as an example of simple graphs, a cycle graph CN . A
graph G consists of a vertex set V and an edge set E , where an edge is a pair of distinct vertices of G.
The graph with directed edges is dubbed as a directed graph. An oriented edge e = [u, v] connects the
origin u = o(e) and the terminus v = t(e).
Now we introduce several matrices that are naturally associated with a graph [4, 5]. They are the
incidence matrix E(G) = (E)ve, the adjacency matrix A(G) = (A)vv′ , the degree matrix D(G) = (D)vv′ ,
and the graph Laplacian (or combinatorial Laplacian) ∆(G) = (∆)vv′ . The relations among them are
∆ = D−A, and ∆ = EET . The important identities are TrA = 0, and TrA2 = TrD. Thus the relations
Tr∆ = TrD and Tr∆2 = TrD2 +TrD hold.
The model of vector fields, whose mass-squared matrix is f2∆, is [5]
LV = −1
4
∑
v∈V
F vµνF
µν
v −
∑
e∈E
(DµUe)†(DµUe) , (5)
where the covariant derivative is DµUe ≡ (∂µ+ iAµt(e)−Aµo(e))Ue with |Ue| = f . Here f is a constant with
the dimension of mass. Similarly, any kind of fields can be associated with a graph and their mass-squared
matrix can be written by using the graph Laplacian. For scalar fields, we assign a scalar field φv to each
vertex v of G. A mass term for scalar fields can be constructed as f2
∑
v,v′∈V φv∆vv′φv′ . For spinor
fields, the mass term can be expressed by using the incidence matrix E. For example, the Lagrangian
density of fermion fields can be written as [5]
−
∑
v∈V
ψ¯RvD/ ψRv −
∑
e∈E
ψ¯LeD/ ψLe − f
∑
e∈E
∑
v∈V
[(ψ¯Le(E
T )evψRv + h.c.] , (6)
where the subscripts L and R denote left-handed and right-handed fermions, respectively. Namely, the
left-handed fermions are assigned to the edges while the right-handed ones are assigned to the vertices.
The mass spectrum of fermions governed by the Lagrangian (6) is also given by the eigenvalues of the
graph Laplacian [5].
Therefore, the UV divergences can be controlled using the graph Laplacian and we can construct the
models of UV-finite induced gravity. We prepare three graphs, GS , GD and GV . All these graphs have
N vertices. If the graphs associated to their field have the same degree matrix, we find [5]
TrM2S = TrM
2
D = TrM
2
V and TrM
4
S = TrM
4
D = TrM
4
V . (7)
Therefore we find that the induced vacuum energy and the inverse of the Newton constant at one-
loop can be calculated for selected graphs [6]. Suppose that we select a type of non-simple graphs
G{ni} = Cn1 ∪Cn2 ∪ · · · , which has N vertices. Then we can choose different sets {ni} for scalar, Dirac,
and vector fields in a model in order to obtain non-zero value for the Newton and cosmological constants
[6].
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4 The effective action in an Einstein universe
We assume that the background geometry is given by a static Einstein universe. Carrying out the
integration over t, we expand the effective action in terms of the modes of Laplacian on S3 (with the
radius a). The regularized mode sum for a scalar field with mass m is found to be
Σ′S(m
2a2) =
∞∑
ℓ=1
ℓ2
[√
ℓ2 +m2a2 − 1− ℓ
(
1 +
m2a2 − 1
2ℓ2
− (m
2a2 − 1)2
8ℓ4
)]
− 5m
2a2 − 6
120
− 1
8
γ , (8)
(where γ is the Euler-Mascheroni constant), and similar expressions are obtained for the fermion field
and the vector field.
Using these expressions, we obtain the effective action
1
2a
∑
i
[
Σ′S((m
2
0)ia
2)− Σ′D((m21/2)ia2) + Σ′V ((m21)ia2)
]
. (9)
5 Spectral density function of a graph
For CN , eigenvalues of the adjacency matrix are λk = 2 cos
2πk
N , (k = 0, 1, . . . , N − 1) . For a large N ,
we find
lim
N→∞
1
N
N−1∑
k=0
f (λk) =
∫ 1
0
f(2 cosπt)dt =
1
π
∫ 2
−2
f(x)
dx√
4− x2 , (10)
then we can define the spectral density function of the cycle graph [7] as
ρ∞(x) =
{ 1
π
1√
4−x2 , for − 2 < x < 2
0 , others
for cycle graphs . (11)
A large N means that the part of the effective action for a small a (the radius of the universe) is
dominant. Then we approximate the effective action for a small a as
Ω0(fa) ≡ 1
2a
∫ 2
−2
[
Σ′S(f
2a2(2 − x))− Σ′D(f2a2(2− x)) + Σ′V (f2a2(2− x))
] N
π
√
4− x2 dx . (12)
The graphs of the type of Cn ∪ Cm ∪ · · · have the same spectral density function for a large N .
6 Strongly degenerate fermions
The thermodynamical potential with strongly degenarate fermions (T = 0) can be expressed only by the
chemical potential µ and the mass spectrum of fermions.
Applying the spectral density function to this, we get
ΩD = −2π
2a3
12π2
∫ 2
−2
θ(µ−m(x))
×
[
µ
√
µ2 −m2(x)
(
µ2 − 5
2
m2(x)
)
+
3
2
m4(x) ln
(
µ
m(x)
+
√
µ2
m2(x)
− 1
)]
N
π
√
4− x2 dx , (13)
where m2(x) ≡ f2(2− x) and θ(y) is the step function. This is the main contribution for a large N .
The Einstein equations can be written by using the thermodynamical potential Ω, which includes the
vacuum contribution:
∂(µ−1Ω)
∂(µ−1)
= 0 and
∂(µ−1Ω)
∂a
= 0 . (14)
In Figure 1, we show the contour plots for Ω/µ obtained by numerical calculations, whose extremum
provides a self-consistent solution. The horizontal axis indicates the scale factor a, while the vertical one
1/µ, in the unit of f . One (unstable) solution for a self-consistent Einstein universe can be found. The
Casimir effects is essential in this case.
4 Graph-theory induced gravity
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Figure 1: A contour plot of 1N µ
−1Ω.
7 Summary and prospects
We have shown the construction of Graph-based (calculable) induced gravity models. For a large N (the
number of fields), a small a (the radius of the universe), the effective potential (mainly the Casimir energy)
and the thermodynamical potential for the degenerate fermions are evaluated by using the spectral density
function of graphs. We found the existence of a self-consistent solution for a static Einstein universe.
In future work, the trace formula for graph spectrum will be directly applied to the one-loop calcula-
tions.
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